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Schubert polynomials
m Complete flag variety

FUCH ={{0}cVicC...CcV,.1cC":dim(Vy) =k}

decomposes into Schubert varieties indexed by w € S,

m Borel (1953) showed

HY(F(C"),Z) =~ Z[xq, . .., x,]/{nonconstant sym. poly.)

Theorem (Lascoux—Schiitzenberger, 1982)

Identified Schubert polynomials Sy, as reps. for these cohom. classes
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Bumpless Pipe Dreams (BPDs)

Combinatorial model to compute Schubert polynomials
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S1430 = x%xz, + X1X2X3 + xlxg ar X%X3 arF X%XZ
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Stanley symmetric function

Stanley defined a symmetric function
Fu®) = lim Sgq,(¥)
as a stable limit of Schubert polynomials

Theorem (Stanley, 1984)

F(x) is a Schur function &= w is vexillary
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Edelman—Greene coefficients

The aff below are called Edelman—Greene coefficients:

Fo(x) =) a¥-si(x) with a}€Z
A

Theorem (Edelman—Greene, 1987)

Each a¥ is actually non-negative and counts something (e.g., tableaux)
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Back-stable Schubert polynomials

Lam-Lee-Shimozono, 2018

Studied an infinite flag variety (see Section 6 of [LLS18])
m set of all “admissible” flags
m ind-finite variety over C

m decomposes into Schubert varieties

Theorem (Theorem 6.7 of LLS18)

Back-stable Schubert’s S,, are reps. for these cohom. classes, where

w is an Sz permutation

AMS 2025 Fall Central Sectional Western Carolina University

6



Seeing Double
[e] lelelelelele]e)

Z-Permutations

Sz = {perm. of Z fixing all but finitely many values}
01.2 =1 forieZ,
=\oxforkeZ: ojoj = gjo; for|i—jl>1,

0i0i+10; = 0i410i0i31 fori€Z

o,

Can use one-line notation with a bar “ |

Example

Observe w = 092 0g 07 01 = ... §§1T|30245...

Omit the bar if w in S, (i.e., all non-positive values fixed)
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Back-stable double Schubert

Definition (Lam-Lee-Shimozono, 2018)

The back-stable double Schubert for w € Sz is

éw(x;y)= Z wt(B) where wt(B) = H (xi —yj)

BEZ-BPD(w) (i,j) isa

Say f(x) back-stable if there is some n with o; - f = f fori <n
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Double Schur

w is called k-Grassmannian if {i : w(i) > w(i+1)} = {k}
partitions are in bijection with 0-Grass. :

i-Al >0

A w h wy(i) =
1 where w (i) {i+/\1_i i<0

double Schur may be defined s)(x_;y) = Gu, (x_; y)

Have _
Su(xy) = Y YY) - sa(x;y)
A

where each b7(x;y) is a polynomial
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Double Stanley symmetric functions

Have _
Suxy) =D bY(xy) - sa(x;y)
A

where each b(x;y) is a polynomial

Definition (Lam-Lee-Shimozono, 2018)

Fo(y) =Y _a%(y)-sa(x_;y) where a{(y) = bY( Y|y,
A

The a¥(y) are called double Edelman—Greene coefficients

Theorem (Lam-Lee-Shimozono, 2018)

Fu(x;y) is a double Schur <= w is 0-Grassmannian
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Graham positivity

Let < be the orderon Zwith1<2<...<2<1<0

Say f(y) is Graham positive if f € Zso[y; —y; | i <]

~.
~

Theorem (LLS18; Anderson, 2023)

Every a¥y(y) is Graham positive, for geometric reasons

a3 () = Y5 = Ya¥o — Y¥3 + Yi¥o

= (¥ — yp(Y3 — yo)
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More examples

G2 (V) = Y3+ ya =7 = Yo = (3 = yp) + (s = o)

345162
(2 2) (Y)

— 120 = Yig + ¥3Y3 + 2y5yoys
+Yous — Y5Y3 — Yo3 + Yg¥oya
— Y1Y3Ya — Yoyaya + Y3y + Yiyoys
— Y1Y3Ys — YoysYys + Yays
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Main result

Theorem (G.—Hamaker—Yu 2024)

Combinatorial proof that vexillary a¥(y) are Graham positive

Say w is vexillary if it avoids the pattern 2143, i.e., has no
i <j <k <{forwhich w(j) < w(i) < w(f) < w(k)

a5 (¥) =Y +ya =y = Yo = (3~ y) + (¥4 — o)
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Vexillary permutations

Theorem (Wachs, 1985)
Each vexillary w € Sz, determines a shape A(w) and flag ¢(w)

Example

For w = 345162: AMw) =(2,2,2,1) and ¢(w) = (1,2,3,5)

Corollary (see also Weigandt, 2021)

For w € Sz vexillary one has

Sulxy) = sy (%)
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Z-tableaux

H
Il
NI
IS
)

3

wWHT) = (x5 — ¥3,1_1) (O — Y110-1) - - - (X3 — Y341-3)
= (3= y3)(g = o) - - - (x2 — y3)(x3 — y1)

Flag ¢ says max entry in row i is ¢;, so

sr(x-y) = sV y) = Y wi(T)
T

summed over SSYT*9 (1)
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Weigandt BPD(v) <> SSYT?(A) extends to Z- setting:

Sulx;y) = Y wit(B) =) wi(T)
B T

Sample T looks something like

§111|

H
Il
N
=)
N

3
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Positive flags

For vexillary v whose flag ¢ has only positive entries, each

T € SSYT?(A) decomposes into (T, T):

3111 1|
T=12]0]2
3
SSYT?(A) = |_|( SSYTO 0 (1) x SSYT? (A /) )
ucA
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Positive flags

On a functional level:

Suxy) = Sf(X; y) = ZSf/H(X+;y) “Su(x=;y)
ucA

Hence

) =5y, coVhoy = > [[Wreo = yreower)
TeSSYT? (A /) (1:€)

Above main diagonal (c > r) already Graham positive
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Positive flags

1]

-]

T= (1 = y3) (1 — ya)(y2 — y3)(y3 — v1)

We solve this by exploiting symmetries of Sf /H(x+ ;Y)

Lemma

If i does not appear in ¢ then

Sf/y(oi “X4;y) = Sf/y(m;y)
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Non-positive flags

For instance, with A = (3,2) and ¢ (T, 0)

fifo]_ + 1. NEE
00 0o ] o |

u=(32  p=G1  p=22  p=@21

=1
=1
o
—

We found a way around this mess by shifting variables
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More results

Theorem (G.—Hamaker—Yu 2024)

Our methods work for vex. in the non-reduced setting

Theorem (G.—Hamaker—Yu 2024)

For vex., our proof further refines what Anderson (2023) showed
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K-theoretical extension

Split set-valued tableau

1,3

~
|
I
=1
=
—_

into

N
=1

T =% 1 and T” = 1113
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Future Directions

Open problem

Provide combinatorial proof of positivity for any w € Sz

Thank you for listening!
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