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Fln “ tV‚ “ pV1 Ă V2 Ă ¨ ¨ ¨ Ă Vn “ Cnqu

Given a nilpotent x P gln of Jordan type λ,

Flx “ tV‚ P Fln : xVi Ă Viu.

• Sn acts on H˚pFlx;Qq

• H˚pFlx;Qq –Sn
IndSn

Sλ1
ˆ¨¨¨ˆSλℓ

Q

• H toppFlx;Qq –Sn
V λ irreducible

• The graded Sn-module structure can be characterized
using symmetric functions. . .
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Frobenius character

If V “
À

i Vi is a graded Sn-module, it has a graded Frobenius character,

FrobpV ; qq :“
ÿ

i

FrobpViqq
i.
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Frobenius characters

Thm (Hotta–Springer)

FrobpH˚pFlx;Qq; qq “ rHλpx; qq Hall–Littlewood polynomial

Q: What about other symmetric functions? Are they Frob of
some cohomology ring?

• Bergeron introduced an operator ∇ on Λq,t

• It diagonalizes the Macdonald polynomial basis of Λq,t,
but is difficult to compute on other bases.

• Astonishingly, the evaluation ∇en
has a wonderful formula in terms of
word parking functions:

2
3
4
5
7
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Shuffle Theorem

Shuffle Theorem (Carlsson–Mellit, 2018)

∇en “
ÿ

PPWPFn

qdinvpP qtareapP qxP .

Conjectured by Haglund–Haiman–Loehr–Remmel–Ulyanov.

Yes, this symmetric function does come from a geometric Sn

action!

We must “upgrade” to affine Springer fibers to see the t
grading.

FrobpH˚p??q; q, tq “ ∇en
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Theorem (Hikita, 2012)
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Ex: n “ 2

ĂFlγ –
2
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1

1
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Hikita’s Theorem

Theorem (Hikita, 2012)

FrobpH˚pĂFlγ;Qq; q, tq “ ∇en.

By Lusztig, there is a Springer action of Sn on H˚pĂFlγ;Qq.

• This result is for the SLn-version of ĂFlγ.

• q grading = (halved) homological co-degree.

• t grading comes from a filtration of ĂGrγ.

Let γ “

ˆ

0 ϵ2

ϵIn´1 0

˙

.

[There is a tensor by sgn and q-reversal that I’m hiding]
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Rectangular Shuffle Theorem

Rectangular Shuffle Thm (Mellit, 2021)

Ekn,km ¨ 1 “ p´1qkpm`1q
ÿ

PPWPFkn,km

qdinvpP qtareapP qxP .

WPFkn,km “ tpknq ˆ pkmq word parking functionsu

Left side (algebraic): An Elliptic Hall Algebra element Ekn,km acting on 1

Right side (combinatorial):

Let n,m, k be positive integers such that gcdpn,mq “ 1.

kn

km

dinv is now computing using inversions along lines of slope n{m



Affine Springer fiber for Rectangular Shuffle

Let γ “

¨

˝

0 0 0
0 ϵIk´1 0
I 0 0

˛

‚.



Affine Springer fiber for Rectangular Shuffle

Theorem (Gillespie–Gorsky–G.)

FrobpH˚p rFl
`,0
γ ;Qq; q, tq “ Ekn,k ¨ 1

Let γ “

¨

˝

0 0 0
0 ϵIk´1 0
I 0 0

˛

‚.

rFl
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γ “ tΛ‚ P Spγ : Λ0 Ď Okn, Λ0 Ę ϵO ‘ Okn´1u



Affine Springer fiber for Rectangular Shuffle

Theorem (Gillespie–Gorsky–G.)

FrobpH˚p rFl
`,0
γ ;Qq; q, tq “ Ekn,k ¨ 1

Let γ “

¨

˝

0 0 0
0 ϵIk´1 0
I 0 0

˛

‚.

• t grading is by connected components!

Ex: n “ k “ 2 2
1

2
1

1
2

\

q

1 t

rFl
`,0

γ “ tΛ‚ P Spγ : Λ0 Ď Okn, Λ0 Ę ϵO ‘ Okn´1u
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Bonus: affine permutations

• Word parking functions WPFK,k can be translated into a
set of affine permutations, which we call γ-restricted.
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Bonus: affine permutations

• Word parking functions WPFK,k can be translated into a
set of affine permutations, which we call γ-restricted.

2
3
6
7
9

1
4
8

5

1

4

7

11

14
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27 18 9

615
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8

5

2

Rank function on cells:

´kn

`k or pk ` 1q

1

4

7

11

14

9

15

12

8
w “ r8, 1, 4, 12, 9, 7, 11, 15, 14s P rS9

-w indexes a cell in rFl
`,0

γ

-The codim of the cell is dinvpP q.

P



Delta Theorem

A different generalization of the Shuffle Theorem.

(Fall) Delta Theorem (D’Adderio–Mellit + BHMPS)

∆1
ek´1

penq “
ÿ

PPWPF fall
n,k

qdinvpP qtarea
´pP qxP

Ex: n “ 6, k “ 5

P “

2
3
4
5
7

2
dinvpP q “ 3

area´pP q “ 7

˚

When n “ k, ∇en “ ∆1
en´1

en and we recover the Shuffle Theorem.
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Ě
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Delta Theorem
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Shuffle Theorem

Rectangular Shuffle Thms

Ekn,km ¨ 1

“Integer slope” case

m “ n, k “ 1 k “ n

∇en

Ě
Ekn,k ¨ 1

sK

pk´1qn´k

GGG

Delta Theorem

∆1
ek´1

en



Skewing formula

The Delta Thm and Rectangular Shuffle Thm are directly related:

Theorem (Gillespie–Gorsky–G.)

Letting λ “ pk ´ 1qn´k, then

∆1
ek´1

penq “ sK
λ

`

Ekpn´k`1q,k ¨ 1
˘

.



Skewing formula

The Delta Thm and Rectangular Shuffle Thm are directly related:

• The identity has geometric meaning in terms of affine Springer fibers.

Theorem (Gillespie–Gorsky–G.)

Letting λ “ pk ´ 1qn´k, then

∆1
ek´1

penq “ sK
λ

`

Ekpn´k`1q,k ¨ 1
˘

.



Affine Springer fiber for Delta Thm

Theorem (Gillespie–Gorsky–G.)

FrobpH˚pBM
`,0
γ ;Qq; q, tq “ ∆1

ek´1
en

BMγ :“ tΛ‚ P ĂFlpK´n,1nq | γΛi Ď Λi, JT pγ ü Λ0{Λ1q ď pn ´ kqk´1u.

Take the same γ, K “ kpn ´ k ` 1q



Paths under any line

BHMPS have a Shuffle Theorem for paths under any line in
the first quadrant.

2
4

1

3
6

Theorem (G, 2025)

FrobpH˚pĂFl
`,0
γ ;Qq; q, tq “ Db1,b2,...,bℓ

¨ 1.

If b1 P Zě0, there is a γ such that
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Thanks for listening!


